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Abstract

In this paper we disprove a conjecture about numerators of divided Bernoulli num-
bers By, /n and By /n(n — 1) which was suggested by Roland Bacher. We give some
counterexamples. Subsequently we extend the results to the general case.

Keywords: Bernoulli number, Kummer congruences, irregular pair, Chinese re-
mainder theorem

Mathematics Subject Classification 2000: 11B68

1 Introduction
Let B,, be the n-th Bernoulli number with n > 0. They are defined by

z
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n=0

where all numbers B,, are zero with odd index n > 1. Therefore, we will consider only
even indices concerning Bernoulli numbers throughout this paper. These numbers
play an important role in several topics in mathematics. Here, we are interested in the

numbers
By, B,
and

W e
The latter numbers occur, e.g., in approximation formulas of harmonic numbers H,
resp. Stirling’s approximation of logI'(x), see [2, pp. 480-482].

For rational numbers r we use the representation r = a/b where ged(a,b) = 1 and
b > 0. We define num(r) = |a| for the unsigned numerator of r. The notation m | r
where m is a positive integer means that m | num(r); we shall also write r = 0 (mod m)
in that case.

Now, we need some basic facts about Bernoulli numbers, see [3, Chapter 15].

Definition 1.1. Let p be an odd prime. A pair (p,[) is called an irregular pair if p | By
with 2 <1 < p— 3 and even [. The index of irregularity of p is defined by

i(p) := #{(p,1) is an irregular pair: [ =2,4,...,p — 3}.

Then p is called an irregular prime if i(p) > 0, otherwise a regular prime.



Let ¢ be Euler’s totient function. The classical Kummer congruences state for even
positive integers n,n’, p prime with p — 1 {n, and n =n’ (mod ¢(p)) that

B, By
— = (mod p). (1.1)

It is well known that the numerator num(B,,/n) equals 1 for n = 2,4,6,8, 10, 14;
otherwise the numerator is a product of powers of irregular primes. Let (p,l) be an
irregular pair. Then the Kummer congruences (1.1) provide for all £ € Ny that
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The following conjecture about numerators of By, /n and B,,/n(n—1) was suggested
by Roland Bacher; see The Online Encyclopedia of Integer Sequences [5], sequence
A092291. First values are given by 574, 1269, 1910, 3384, 1185, 1376, 9611. The
statements differ by a factor 2, because we use only even indices n instead of 2n.

Conjecture 1.2. Let (p,l) be an irregular pair with smallest index | in case i(p) > 1.

Define
= o (3 ) -
Then A(p) = (I — 1)p + 1.

Actually, let p, be the n-th irregular prime (sequence A000928: 37, 59, 67, 101,
103, ...), then A(p,)/2 gives sequence A092291.

2 Counterexamples

Since Conjecture 1.2 does not cover all irregular pairs, we shall extend our research to
all of them. Note that, for example, (157,62) and (157,110) are irregular pairs and the
index of irregularity is i(157) = 2.

Theorem 2.1. Let (p,l) be an irregular pair. Define

: B Bp, _
A(p,l) = min {m =1+ ko(p) ‘ num <m> / num (m(m—l)) = p} .
Then A(p,l) = (I — 1)p+ 1 if and only if one of the following cases holds that
(1) the factor l — 1 has no irregular prime factors,
(2) for all irregular prime divisors q of I — 1 we have ¢t By_1yp41/((l — )p +1).
Otherwise A(p,1) > (I —1)p+ 1 or A(p,l) has no solution.

Proof. First of all, we show that A(p,l) > (I — 1)p+ 1. To solve the equation

o () o (i) =



the factor m — 1 must have the form m — 1 = pc with some positive integer ¢ to reduce
the p-power of the second numerator. In other words, we must have

B,, By,
ord, num <> =s and ord, num () =s—1
m m(m — 1)

with some integer s > 1. Let m’ be the smallest possible value we are searching for.
By (1.2) we then have m’ =1+ k(p — 1) and m’ — 1 = pc. This yields

l—1+k(p—1)=pc resp. k=1—1 (mod p).

By definition we have 1 <l < p—2. Thus k = [ — 1 is the smallest possible value and
finally
Alp, ) zm' =1+ (1-Dp-1)=(1-1)p+1L

Now, we have to take care that m’ —1 = (I — 1)p does not delete other irregular prime
factors of the numerator of B,,,s/m/. In the case (1) nothing happens. In the case (2)
an irregular prime divisor ¢ of [ — 1 must not appear in the numerator of B,,,,/m’. If
case (1) or case (2) is satisfied then A(p,1) =m/. O

Using Kummer congruences (1.1) and the property (1.2) again, we can now refor-
mulate Conjecture 1.2 to an extended equivalent conjecture which is described only by
irregular pairs.

Conjecture 2.2. Let (p,l) be an irregular pair. If q is an irreqular prime divisor of
[ — 1 then for all irreqular pairs (q,1") the following holds that

(I—1)p # I'=1 (mod q—1).

But this conjecture is not true. We have done some calculations for all irregular
pairs (p,l) with p < 1000000 using a database of irregular pairs calculated in [1]. In
that range there are 39 181 irregular pairs all together, 16 540 of them have irregular
prime divisors of the corresponding I — 1 and 149 exceptions occur. The first five
exceptions and the last calculated exception are listed below.

y (p,1) m=(0-1p+1] 1-1 [ (¢l) |
(6449, 4884) 31490468 | 19257 (257,164)
(8677, 2658) 23054790 2657 (2657, 710)
(11351, 1044) 11839094 7149 (149,130)
(12527, 2122) 26569768 | 3-7-101 (101, 68)
(15823, 482) 7610864 13-37 (37,32)

(999599, 649768) | 649506443434 | 3-59-3671 | (59,44)

Note that there are two irregular pairs (6449, 4884) and (6449, 5830). The first of
them disproves the suggested conjecture with minimal [ = 4884. The smallest index for
which such an exception occurs is 7610 864. This index is the smallest of our calculated
exceptions for p < 1000000. For an irregular pair (p,l) with p > 1000000 we then
obtain an index m = (I — 1)p + 1 > 37 - 10% for a possible exception, because 37 is the
first irregular prime.



3 Extending the results to prime powers

In order to extend the results to irregular prime powers, we need some further defin-
itions and generalizations. First, the Kummer congruences generally state for r > 1,
even n,n’, p prime with p — 1{n, and n = n’ (mod ¢(p")) that

.. By 1. B ;
(=522 = (1 =" )2 (mod p'). (3.1)

The definition of irregular pairs can be extended to irregular prime powers which
was introduced by the author [1]. Here we shall recall necessary facts.

Definition 3.1. Let p be an odd prime and n, [ be positive integers. A pair (p,[) is
called an irregular pair of order n if p™ | B/l with 2 <1 < ¢(p") and even [. Let

U= {(p,1) : p" | Bi/l, pis an odd prime, 2 <1 < o(p"), 2| I}

be the set of irregular pairs of order n. For an odd prime p the index of irregular pairs
of order n is defined by

in(p) = #{(p.0) : (p,1) € T}

Let (p,1,) € U™ and (p,l,,) € UIT be irregular pairs of order n resp. m where n >
m > 1. We say that (p,l,,) is related to (p, 1) if I, = I, (mod @(p™)). For (p,1) € Wi
we p-adically write

n
(py 51,52, ., 5,) € U where [ = Zsy o(p’™1)

v=1

with 0 <s, <pforv=1,...,nand 2 < s; <p—3, 2| s;. The corresponding set is
denoted as ¥)'". The pair (p,[) and the element (p, s1, S2,...,sy,) are called associated.
For an irregular pair (p,l) we finally define

Biiep)  Bi
Appy =pt | —22 d
with 0 < A(pJ) <p.
Note that this definition includes for n = 1 the former definition of irregular pairs

with i(p) = i1(p). By (3.1) we have the property that if (p,1) € Ui then
P" | Biikpn)/ (L4 kp(p")) (3.2)

for all k € Ng. We also call (p, s1, s2,...,8,) an irregular pair, since (81,82, ..,Sn)
is the second parameter given p-adically. The main result of irregular pairs of higher
order can be stated as follows, see [4, Theorem 3.1].

Theorem 3.2. Let (p,l1) be an irregular pair. If Ag, ;) # 0 then for each n > 1 there
exists exactly one related irreqular pair of order n. There is a unique sequence (ly,)n>1
resp. (Sp)n>1 with

(p, 1) € \I/;" resp. (P, Siy...,8n) € \T/;;“r

If A £ 0 for all i(p) irreqular pairs (p,11,) € VI, then
( ; i

pvll,u)

i(p) = ia(p) = is(p) = ... .



So far, no irregular pair (p,l) with A(,;) = 0 has yet been found; calculations of
Buhler, Crandall, Ernvall, Metsénkyl&d, and Shokrollahi [I] ensure this result for all
irregular p < 12000000. Since the case Ag,;) = 0 would possibly imply a strange
behavior of irregular pairs of higher order without any regularity, it is conjectured that
this will never happen.

Theorem 3.3. Let v > 1 be an integer. Let (p,l) be an irregular pair with Ay, ;) # 0.

Let (p,1,) € ¥ resp. (p,s1,...,8,) € \/I\!ir” be the related irregular pair of order r.
Define

A(p"Ir) = min {m =1l + ko(p") ‘ num (%) / num <m(£"il)> = pr}-

Then the condition (p,s1,82,...,8.) = (p,l,1—1,...,1—1) resp. I, —1 = (1—1)p" " is
necessary that A(p",l,) has possibly a solution. Furthermore A(p",l,) = (I, —1)p+1=
(Il —=1)p" 4+ 1 if and only if one of the following cases holds that

(1) the factor I — 1 has no irreqular prime factors,

(2) for all irreqular prime diwvisors q of | — 1: all irregular pairs (q,l") must satisfy
(I—1)p" £ 1I'=1 (modqg-—1).

Otherwise A(p",1,) > (I = 1)p" + 1 or A(p",l,.) has no solution.
Lemma 3.4. Let n > 1 and s1,...,Sp+1 be integers with 0 < s, < p for all v =

1,....,n+ 1. If

n

Z Sv Sp(py_l) = Sn+1 pn—17

v=1

then s1 =Sy = ... = Sp+1-

Proof. Reordering the terms yields

n
0= ZSV SD(pV_l) — Sn+1 pn_l = Z(SV - Sl/+1)py_1
v=1

which deduces the result p-adically by induction. O

Proof of Theorem 3.3. The case r = 1 is already covered by Theorem 2.1 with (p,l) =
(p,l1) = (p,s1). For now let r > 2. First we shall show the proposed formula for

A(p",1.). To solve
B, / B, o,
num | = num mim—1)) = P,

factor m — 1 must have the form m — 1 = p"c with some positive integer ¢. Then m —1
must reduce the p-power of the second numerator in order that

By, B,
ordp num ( — | =u and ord, num | ——= | =u—r
m m(m — 1)
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with some integer u > r, since (p,l,.) € W', Let m’ be the smallest possible value. By
(3.2) we have m’ =, + ko(p") and m’ — 1 = p"c which yields

L, —14+kp" Yp—1)=p"c and [, —1=0 (modp"!). (3.3)

Remember that

L= s’ ") < o).
v=1

Thus we obtain
O0<l,—1=plt<ptp-1)

with 0 <t < p — 1. By rewriting (3.3) we get
Pt kp i (p—1)=p"c and kp"'=tp"! (mod p")

which provides k = ¢t (mod p) and finally k = ¢ as smallest value. Note that [ = s; and
2 <1< p-3. Now, using Lemma 3.4 with [, — 1 =tp" ! yields sy —1 =52 = ... =
s = t. Thus, we derive the following conditions

(p,51,52,...,8) = (p,l,l —=1,...,1—1) and I, —1=(1—1)p L
After all, we obtain
A" L) —12m' —1=1L -1+ (01— 1De@p")=(0-1p" = - p.

To avoid that an irregular prime divisor ¢ of the remaining factor [ —1 of m’ — 1 divides
By /m’, we must have
m'# 1" (mod q—1)

for all irregular pairs (¢,1'). Then A(p",l,) = m/. O

Corollary 3.5. Let (p,1) be an irreqular pair with A,y # 0. If (p,l,1—1) ¢ (1\112” then
A(p", 1) as defined in Theorem 3.3 has no solution for all r > 2.

Proof. As a result of Theorem 3.2, if A(,;) # 0 then a unique sequence (s, ),>1 ex-
ists that describes all irregular pairs of higher order related to (p,l). Then one has
(pyS1y.-vySr) # (P, L, L—1,...,1—1) for all r > 2. O

The condition (p, s1,82,...,8.) = (p,,l —1,...,1 —1) is a very strange condition.
Note that no (p,l,l — 1) € @12” has been found yet. It is quite remarkable that the
conditions A, ;) # 0 and (p, 1,1 —1) ¢ \Tlgr play an important role in Iwasawa theory
of cyclotomic fields over Q, see [0] and particularly [, Section 6]. Again, calculations
in [1] ensure that (p,1,1 — 1) ¢ Wi for p < 12000 000.

Remark 3.6. Although the more complicated case A(,;) = 0 should not happen,

Corollary 3.5 is also valid in that case. If (p,l,l — 1) ¢ (1\15” then there are no related

irregular pairs (p,[,l—1,...,1—1) € \Tfir” for r > 2. This can be shown by [/, Theorem
3.2].



4 The composite case

For completeness we shall examine the composite case. For now, we consider composite

n
=1
v=1

with irregular primes p, and n > 1. For now, p will only denote an irregular prime.
To determine the minimal index for the composite case, define

A(d) = min {m ’ num (Bm”"”) / num (%) =0 (mod d)} ;

in case of no solution define A(d) = co. Then, by Theorem 2.1, we always have

integers ¢ where

A(p)= min (I —1)p+1.
(p,h)ewyr

Theorem 3.3 asserts for r > 2 that

A(p") = min (I —1)p" +1,
(pvlylfl,.“,lfl)elljirrr

but there is no solution for p < 12000 000. Note that m = 12 is the smallest index for
which num(B,,/m) > 1. Hence, for p > 12000000 and r > 2 we have the estimate

A(p") > 1.58 - 10", (4.1)
Lemma 4.1. Let ¢ =[], p{¥ with irregular primes p,. Then
A(c) > max A(pS).

Proof. Assume that A(c) < A(p¢”) for a fixed v. But this contradicts the definition of
A, because p< | c¢. The case of no solution is handled similarly. O

Let M be the smallest index for composite numbers ¢ such that
M = Incin A(e).
By our formerly calculated exceptions, we have an upper bound:
M < 7610 864.

The estimate (4.1) for prime powers above and Lemma 4.1 imply that we now have to
examine composite numbers which are squarefree. Therefore, define the minimal value
of A for composite squarefree numbers having n > 2 irregular prime factors by

M, = min A(ec).

c=p1-Pn

Then, by definition we have
M=My< Mz<....

For further results we need the well-known Chinese remainder theorem (CRT), see
[3, p. 34], and its generalization (CRT’).



Theorem 4.2 (CRT). Let wy,...,w, be positive integers which are pairwise relatively
prime. Define W = [[,,_, w,. For a given system of simultaneous congruences

r=a, (modw,y,), v=1,...,n,

there always exists a unique integer x (mod W) with
n
W
T = a,b,— (mod W
VZ: ol )

and b, defined by

bp— =1 (mod w,), v=1,...,n.
Wy
Theorem 4.3 (CRT’). Let wy,...,w, be positive integers. A system of simultaneous
congruences
r=a, (modw,), v=1,...,n

has a solution if and only if
a; =a; (mod ged(w;,w;))
for all i # j. Define W =lem(ws, ..., wy), then x has a unique solution (mod W).

To state our next theorem, we introduce a new definition to characterize a set of
irregular pairs.

Definition 4.4. Irregular pairs (p1,01),. .., (pn,ls) are called friendly if
li=1; (mod ged(pi —1,p; — 1))
for all ¢ # j. They are called strong friendly if, in addition,
piZEl (modp;) or  (p,l)=(1,1) (mod p;)
for all ¢ # j.

For example, the irregular pairs (37,32), (59, 44) and (101, 68) are strong friendly.
The sets {(101,68), (607,592)} and {(131,22), (263,100)} are sets of friendly irregular
pairs, but they are not strong friendly.

Theorem 4.5. Let n > 2 and ¢ = py - - - pp be a composite number of distinct irreqular
primes. Then A(c) has only a solution if there exists a set of strong friendly irregular
pairs S = {(p1,01),..., (Pn,ln)}. In case of existence there is a unique integer mg with

c<mg—1<lem(c,p1 —1,...,pn — 1)
which stmultaneously solves the congruences
ms—1=p,(l,—1) (modp,(p,—1)), v=1,...,n.

Then A(c) is given by
Ale) = msin mgs,

whereby S passes all such sets of strong friendly irregular pairs.



Proof. To derive conditions let m be an integer solving

num <i’7) / mum (%) ~0 (mod o).

Thus, ¢ | B;,/m and ¢ | m — 1 provide the existence of irregular pairs (p,,[,) with

-1 0 (mOd pl/)7

m =
m—1=10,—1 (modp, —1) (42)
for v =1,...,n. The system (4.2) of simultaneous congruences has only a solution if
conditions of CRT’ are satisfied. Therefore we have to recognize two cases that
li—1=1;—-1 (mod ged(p; —1,p; — 1)), (4.3)
i—1=0 (mod ged(p; — 1, pj4)) '

which must be valid for all ¢ # j. The first congruence of (4.3) implies that all
considered irregular pairs must be friendly. Additionally by the second congruence
they must be strong friendly. This property must hold for a solution and defines the
set S. Combining (4.2) by CRT, we get

m—1=p,(l, —1) (mod p,(p, — 1)), v=1,...,n. (4.4)

Let W = lem(pi(p1 — 1),...,pn(pn — 1)), then system (4.2) resp. (4.4) has a unique
solution (mod W) by CRT’ and given set S. Requiring that 1 < mg —1 < W, we
obtain a minimal solution mg — 1 with the desired properties. If i(p,) > 2 holds for
one index v, then probably other sets S can exist corresponding to irregular primes
P1,...,Pn. Therefore all such sets must be considered to get

Ale) = minms.

Theorem 4.5 implies the following easy algorithm.

Algorithm 4.6. Let n > 2, U be positive integers. Given an existing upper bound U
of M, define u = |U"/"|. Otherwise set U = u = oo. Consider irregular primes

P <...<pp, with p1---p,<U, p1<u. (4.5)

Start with smallest primes. For each tuple of primes do

e Step 1. Check for sets S = {(p1,11), ..., (pn,ln)} of strong friendly irregular pairs.
For each existing set S calculate mg using Theorem 4.5. Let m = ming mg. If
m < U update U «<— m and u.

e Step 2. If possible go to next primes satisfying (4.5), otherwise stop with M,, = U.

Starting with n = 2 and U = 7610864 yields My = 107430 with ¢ = 103 - 149.
Thus M = 107430 is the smallest index for composite numbers regarding A. The result
for n = 3 is a quite large number with M3 = 3754314782 for ¢ = 157 - 401 - 1217,
see table below. To check this result, irregular pairs (p, 1) up to p < 2000000 must be
considered for the first small primes.



| n ] S | U [ u ]
{(37,32), (59,44)} 272 876 522
{(103,24), (149, 130)} 107430 327

{(37,32), (59,44), (101,68)} 3979497 668 | 1584
{(157,62), (401, 382), (1217,1118)} | 3754314782 | 1554

w|wil ool S

All results were calculated by several C++4 programs and finally checked with
Mathematica.
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